Conformal Galilei Algebras labeled by d, ℓ (where d is the number of space dimensions and ℓ denotes a spin-ℓ representation w.r.t. the sl(2) subalgebra) admit two types of central extensions, the ordinary one (for any d and half-integer ℓ) and the exotic central extension which only exists for d = 2 and ℓ ∈ N.
Introduction
The cga d,ℓ Conformal Galilei Algebras were introduced in [3] . They are labeled by two parameters, d and ℓ, with d denoting the number of space dimensions and ℓ indicating the spin-ℓ representation which accommodates the Abelian ideal generators with respect to the sl(2) subalgebra. The cga d,ℓ algebras admit two types of central extensions (see [4] for a simple explanation); we have either the ordinary central extension (present for any d ∈ N and half-integer ℓ = The Conformal Galilei Algebras received a lot of attention in connection with the nonrelativistic holography (possible application of CFT/AdS duality to, e.g., condensed matter system, see [5] ). Their supersymmetric extensions have also been investigated in several papers (see, e.g., [6] ).
Perhaps the most relevant question addressed in the literature is the construction of dynamical systems invariant under the (centrally extended) Conformal Galilei Algebras. Several results have been obtained, in the classical case and for the ordinary centrally extended CGAs, in a series of papers. It was shown that free higher derivatives theories are invariant under these algebras [7] and that, furthermore, they are connected to Pais-Uhlenbeck oscillators at special frequencies [8] .
The first results in the quantum case were obtained in [1] . Using the technique of determining invariant equations from Verma module representations, in that paper, for both types of central extensions, second-order invariant PDEs with continuous spectrum were obtained (the presence of a non-vanishing central extension is essential for the existence of the invariant PDE). It was later proved in [2] and [9] that the ordinary centrally extended CGAs (therefore, ℓ = 1 2 + N 0 ) possess another class of second-order, Schrödinger-type, invariant PDEs with a discrete spectrum. For ℓ ≥ 3 2 these new equations describe a system of coupled oscillators with a cryptohermitian (see [9] ) Hamiltonian. At a given ℓ, the invariant PDEs close an sl(2) algebra, the equations in [1] resulting in the (positive or negative) root generators, the new PDEs in [2, 9] being related to the sl(2) Cartan generator.
The derivation in [2, 9] of the invariant PDEs made use of the so-called on-shell condition, associated with a given differential realization of the algebra (this technique is also described in [10] and, under a different name, in [11, 12] ).
In this paper we fill a gap. We apply the on-shell condition (which is described later) to derive, for the exotic (d = 2 and ℓ ∈ N) centrally extended CGAs, the invariant PDEs related to the sl(2) Cartan generator and whose spectrum, computed in a lowest weight representation of cga d=2,ℓ , is bounded and discrete.
The resulting PDEs are markedly different with respect to the invariant PDEs related to the ordinary central extensions. The ℓ = 1 case is the prototype of this class of exotic extensions (and derived exotic PDEs), playing the same role as the Schrödinger algebra (corresponding to the ℓ = 1 2 case) for the ordinary centrally extended CGAs. We postpone to the Conclusions the comments about our construction and results. We present here the scheme of the paper. In Section 2 we introduce a differential realization of cga d=2,ℓ=1 and discuss the derived on-shell conditions. Section 3 is devoted to discuss at length the (degree 0) ℓ = 1 invariant PDE whose bounded and discrete spectrum, applied to a lowest weight representation, is derived from a spectrum generating algebra. In Section 4 a contraction limit of the discrete spectrum invariant PDE is discussed. In Section 5 we extend this construction to other integral values of ℓ. In the Conclusions, finally, we summarize our results. 
These first-order differential operators act on the space of functions in τ, x, y and u. Their cga d=2,ℓ=1 nonvanishing commutators are
θ is the (exotic) central element. The operators (1) coincide, for γ = ξ = 1, with the ones presented in [1] . The more general operators (1) (depending on the two parameters, with arbitrary non-vanishing values, ξ, γ ) are recovered by applying the similarity transformation g → SgS −1 , with S = e α 1 x∂x+α 2 y∂y for a suitable choice of α 1,2 . A consistent assignment of the scaling dimensions is given by
The special choice a = −1 (which implies Three second-order on-shell invariant differential operators Ω k (k = 0, ±1) are encountered at degree k. They are
The cga d=2,ℓ=1 on-shell invariant condition (see [2, 9] ) means that the commutators [g, Ω k ] = f g,k · Ω k are satisfied for any g in (1) and for arbitrary functions f g,k (τ, x, y, u). The on-shell condition is guaranteed in our case due to the fact that the only non-vanishing commutators involving the Ω k 's and the generators in (1) are
These relations (5) hold true for any arbitrary non-vanishing values of γ and ξ.
The three operators Ω k close the sl(2) algebra, with Ω 0 as the Cartan element:
The degree 1 differential operator Ω +1 induces the invariant PDE
For γ = ξ = 1 this invariant PDE was presented in [1] . An interesting observation is that the PDE (7) has a larger symmetry than cga d=2,ℓ=1 . Indeed, an extra operator q given by
commutes with Ω ±1,0 . Its nonvanishing commutators with the operators in (1) are
We denote as " g 1 " the enlarged Lie algebra obtained by adding q to the set of (1) generators.
3 The ℓ = 1 invariant PDE with discrete spectrum
The second order invariant PDE induced by the degree 0 Cartan operator entering (7) is better expressed in terms of a different differential realization of the g 1 algebra with non-vanishing commutators given by (2) and (9). This new differential realization acts on functions of t, x, y and u. We have
In this realization the second-order on-shell invariant operators Ω ±1,0 are
The on-shell invariant condition is guaranteed by the fact that their only non-vanishing commutators with the g 1 generators are
The Ω ±1,0 operators close the sl(2) Lie algebra (6). The two differential realizations (1, 8) versus (10) of the algebra g 1 , as well as their induced invariant differential operators (4) versus (11) , are connected via a similarity transformation coupled with a redefinition of the time coordinate. It can be described as follows. Let us denote with g an operator entering (10) or (11) and with g its corresponding operator entering (1), (8) or (4) . For convenience we introduce the operator X + by setting, for z + in (10),
The connection is realized by the similarity transformation and the change of the time coordinate given by g →ḡ = e tX + ge
The degree 0 invariant PDE and its spectrum generating algebra
In the (10,11) differential realization, the degree 0 invariant equation reads as follows:
One can check that the more general three-parameter equation
is only invariant under cga 2,1 (and g 1 ) for ω = 1 (with γ, ξ = 0). The right hand side of (15) is the second-order differential operator
Under the coordinate transformation t = −is, (15) gives the equation
The second-order differential operator H in the r.h.s. does not depend on the "time" variable s. It is written, in terms of cga 2,1 generators, as
Its spectrum is computed in an algebraic way. The non-vanishing commutators involving the operators v ±1 , w ±1 , a ±1 are
The commutators of these operators with H produce
The ground state ψ 0 (x, y, u) is defined by
The state ψ m,n,k (m, n, k ∈ N 0 ), defined by
is an eigenstate of the operator H with non-negative integer eigenvalues:
Each eigenvalue (24) is infinitely degenerate due to the creation of the w 0 zero modes identified by the quantum number k. The spectrum so identified is discrete and bounded below. It coincides with the (conveniently normalized) spectrum of two harmonic oscillators of the same frequency. The vector space spanned by the eigenstates (23) coincides with the vector space spanned by the P(x, y, u) polynomials in x, y and u. The existence of this discrete spectrum for the given vector space is made possible by the association of the (18) PDE with the sl(2) Cartan generator.
It is beyond the scope of this paper to investigate the spectral problem induced by the differential operator (19) when applied to a conveniently defined Hilbert space. This question naturally depends on the class of functions in x, y, u that one is choosing to consider. For instance, at the special γ = ξ = 0 values, for the x, y variables compactified on a T 2 torus (therefore, x = e iϑ 1 , y = e iϑ 2 , with ϑ 1,2 ∈ [0, 2π]) the operator H coincides with the compactified momenta p ϑ 1 + p ϑ 2 ; its (conveniently normalized) spectrum is given by E n,m = n + m, with n, m ∈ Z.
On the other hand the vector space spanned by the (23) eigenfunctions or the x n y m u k monomials coincides, via Gram-Schmidt procedure, with the vector space spanned by the threevariable Hermite polynomials H n,m,k (x, y, u). The inner product which induces the L 2 (R 3 ) Hilbert space is defined via the gaussian measure dxdydue −(x 2 +y 2 +u 2 ) . Since the operator H is not symmetric with respect to this inner product, contrary to the Hermite polynomials, the eigenfunctions (23) are not orthogonal. It is easily verified that in the L 2 (R 3 ) Hilbert space the spectrum of H is no longer discrete, but continuous. Indeed, for any λ, the function y λ is normalized with respect to the gaussian measure, provided that λ is chosen in the range Re(λ) > − 1 2 . Since Hy λ = λy λ , the operator (19), defined on L 2 (R 3 ), presents a continuous spectrum. 4 The ξ = 0 limit of the discrete spectrum PDE The degree 0 invariant PDE (15) possesses two free parameters γ and ξ. A vanishing γ reduces the equation to a first-order PDE. On the other hand, the ξ → 0 limit keeps a second-order Partial Differential Equation. In this limit the variable x (and t) becomes a decoupled degree of freedom in the invariant PDE (15). As a consequence, the invariant PDE has larger symmetry than g 1 . Indeed, one may find an infinite dimensional symmetry algebra. An interesting fact is that the ξ = 0 invariant PDE has the same discrete spectrum as the ξ = 0 equation when applied to a lowest weight representation (this is expected from the fact that the spectrum is independent of ξ). We show at first that the spectrum is the same for ξ = 0 and ξ = 0. Next, we investigate the symmetry of the ξ = 0 equation.
The on-shell invariant operator Ω 0 (11) in the ξ → 0 limit reduces to
The invariant PDE
possesses a second-order differential operator H, expressed as in the ξ = 0 case:
where the operators v ±1 and w ±1 are the ξ → 0 limit of (10):
The limit is taken after rescaling v −1 , w +1 as ξv −1 , ξ −1 w +1 . Similarly, the ξ → 0 limit of the operators ξv 0 , ξ −1 w 0 gives the new operators
In this way the commutation relations among v ±1 and w ±1 , as well as the equations (21), are preserved. Therefore, the spectrum of the operator (27) is also given by (24) together with the same vector space as ξ = 0. One may consider a more general setting for ξ = 0. Since the x degree of freedom is decoupled from y, u, one may set different frequencies for x and y :
with
The spectrum of this system is ω 1 m + ω 2 n. The next step consists in considering the symmetries of the degree 0 differential operator (30). Its on-shell condition can be solved by straightforward computations.
With this we can compute the Cartan operator Ω 0 through
Its associated operator H can be read from this equation. We have
Its spectrum, obtained from the lowest weight representation, is given by
with n j , m j non-negative integers.
Conclusions
We summarize here the main results of the paper. We proved that the d = 2 exotic, centrally extended Conformal Galilei Algebras admit second-order invariant PDEs which, applied to a lowest weight representation, furnish a discrete and bounded spectrum. Our construction is based on the recognition that, at a given ℓ, the invariant PDE obtained in [1] belongs to a triplet of invariant PDEs closing an sl(2) algebra. The The degree 0 PDE, producing the discrete spectrum under the specified conditions, is associated with the sl(2) Cartan generator. The main results (for ℓ = 1) are given in Section 3. A convenient first-order differential realization of the cga d=2,ℓ=1 algebra, leading to a second-order invariant equation whose r.h.s. does not depend on the "time" variable, was presented. Due to the existence of zero-mode excitations, see equation (21), the spectrum is infinitely degenerated. We pointed out that the operator under consideration does not necessarily present a discrete and bounded spectrum if applied to a Hilbert space whose vector space cannot be identified with a lowest weight representation of the spectrum generating algebra.
For ℓ = 1 the degree 0 invariant PDE depends on two non-vanishing, free parameters γ, ξ entering (18). We proved that in the singular ξ = 0 limit the PDE (which, contrary to the γ = 0 case, is still a second-order differential operator) possesses an infinite dimensional symmetry algebra.
In the last part of the paper we extended the construction to the ℓ = 2, 3, 4 degree 0 invariant PDEs.
